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NEW SHARP INEQUALITIES OF OSTROWSKI AND
GENERALIZED TRAPEZOID TYPE FOR THE
RIEMANNSTIELTJES INTEGRALS AND APPLICATIONS
MOHAMMAD W. ALOMARI
Abstract. In this paper, new sharp weighted generalizations of Ostrowski
and generalized trapezoid type inequalities for the Riemann–Stieltjes integrals
are proved. Several related inequalities are deduced and investigated. New
Simpson’s type inequalities for RS–integral are pointed out. Finally, as appli-
cation; an error estimation of a general quadrature rule for RS–integral via
Ostrowski–generalized trapezoid quadrature formula is given.
1. Introduction
In order to approximate the Riemann–Stieltjes integral
∫ b
a
f (t) du (t), Dragomir
[13] has introduced the following (general) quadrature rule:
D (f, u;x) := f (x) [u (b)− u (a)]−
∫ b
a
f (t) du (t)
After that, many authors have studied this quadrature rule under various assump-
tions of integrands and integrators. In the following, we give a summary of these
results: let f, u : [a, b]→ R be as follow:
(1) f is of r-Hf–Ho¨lder type on [a, b], where Hf > 0 and r ∈ (0, 1] are given.
(1′) u is of s-Hu–Ho¨lder type on [a, b], where Hu > 0 and s ∈ (0, 1] are given.
(2) f is of bounded variation on [a, b].
(2′) u is of bounded variation on [a, b].
(3) f is Lf–Lipschitz on [a, b].
(3′) u is Lu–Lipschitz on [a, b].
(4) f is monotonic nondecreasing on [a, b].
(4′) u is monotonic nondecreasing on [a, b].
(5) f is L1,f–Lipschitz on [a, x] and L2,f–Lipschitz on [x, b].
(5′) u is L1,u–Lipschitz on [a, x] and L2,u–Lipschitz on [x, b].
(6) f is monotonic nondecreasing on [a, x] and [x, b].
(6′) u is monotonic nondecreasing on [a, x] and [x, b].
(7) f is absolutely continuous on [a, b].
(8) |f ′| is convex on [a, b].
Date: September 5, 2018.
2000 Mathematics Subject Classification. 26D10, 26D15.
Key words and phrases. Ostrowski’s inequality, bounded variation, Riemann-Stieltjes integral.
This paper was published in Ukrainian Mathematical Journal, 65 (7) 2013, 895–916. However, I
received an appreciated e-mail from Dr. E. Kikianty, where she found several major erratum and
so recommended to publish this version of the paper.
1
2 M.W. ALOMARI
Then, the following inequalities hold under the corresponding assumptions:
(1.1) |D (f, u;x)|
≤


Hf
[
b−a
2 +
∣∣x− a+b2 ∣∣]r ·∨ba (u) , (1), (2′), ([13])
Hu


[(x− a)
s
+ (b− x)
s
]
[
1
2
∨b
a (f) +
1
2
∣∣∣∨xa (f)−∨bx (f)∣∣∣]
[(x− a)
qs
+ (b− x)
qs
]
1/q
[
(
∨x
a (f))
p
+
(∨b
x (f)
)p]1/p
, (1′), (2), ([14])
p > 1 1p +
1
q = 1[
b−a
2 +
∣∣x− a+b2 ∣∣]s ·∨ba (f)
LuHf
r+1
[
(x− a)
r+1
+ (b− x)
r+1
]
, (1), (3′), ([6])
LfHu
s+1
[
(x− a)
s+1
+ (b− x)
s+1
]
, (1′), (3), ([6])
LuLf
[
1
4 +
(
x−
a+b
2
b−a
)2]
(b− a)
2
, (3), (3′), ([6])
max {L1,u, L2,u} ×


[
b−a
2 +
∣∣x− a+b2 ∣∣] [f (b)− f (a)] ,
(5′), (6), ([6])[
f(b)−f(a)
2 +
1
2
∣∣∣f (x)− f(a)+f(b)2 ∣∣∣] (b − a)
max {L1,f , L2,f} ×


[
b−a
2 +
∣∣x− a+b2 ∣∣] [u (b)− u (a)] ,
(5), (6′), ([6])[
u(b)−u(a)
2 +
1
2
∣∣∣u (x)− u(a)+u(b)2 ∣∣∣] (b− a)
Hf
[
b−a
2 +
∣∣x− a+b2 ∣∣]r · [u (b)− u (a)] , (1), (4′), ([11])
Hu
[
b−a
2 +
∣∣x− a+b2 ∣∣]s · [f (b)− f (a)] , (1′), (4), ([11])
sup
t∈[a,x]
{(x− t)µ (f ;x, t)} ·
∨x
a (u) + sup
t∈[x,b]
{(t− x)µ (f ;x, t)} ·
∨b
x (u) , (2
′), (7), ([7])
1
2
[
(x− a) ·
∨x
a (u) · ‖f
′‖
∞,[a,x] + (b− x) ·
∨b
x (u) · ‖f
′‖
∞,[x,b]
]
+ 12 |f
′ (x)| ·
[
(x− a) ·
∨x
a (u) + (b− x) ·
∨b
x (u)
]
, (2′), (7), (8), ([7])
More details about each inequality of the above, the reader may refer to the corre-
sponding mentioned references and the references therein.
From a different view point, the authors of [15] considered the problem of ap-
proximating the Stieltjes integral
∫ b
a f (t) du (t) via the generalized trapezoid rule
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[u (x) − u (a)] f (a) + [u (b)− u (x)] f (b)
T (f, u;x) := [u (x)− u (a)] f (a) + [u (b)− u (x)] f (b)−
∫ b
a
f (t) du (t)
(1.2) |T (f, u;x)|
≤


Hu
[
b−a
2 +
∣∣x− a+b2 ∣∣]r ·∨ba (f) , (1′), (2), ([15])
Hf


[(x− a)
s
+ (b − x)
s
]
[
1
2
∨b
a (u) +
1
2
∣∣∣∨xa (u)−∨bx (u)∣∣∣]
[(x− a)qs + (b− x)qs]
1/q
[
(
∨x
a (u))
p
+
(∨b
x (u)
)p]1/p
, (1), (2′), ([8])
p > 1 1p +
1
q = 1[
b−a
2 +
∣∣x− a+b2 ∣∣]s ·∨ba (u)
For new quadrature rules involving RS–integral see the recent works [1]–[3]. For
other results concerning various approximation for RS–integral under various as-
sumptions on f and u, see [4, 5, 9, 10], [16]–[19] and the references therein.
In the recent work [20], Z. Liu has proved sharp generalization of weighted Os-
trowski type inequality for mappings of bounded variation, as follows (see also [21]):
Theorem 1. Let f : [a, b] → R be a mapping of bounded variation, g : [a, b] →
[0,∞) continuous and positive on (a, b). Then for any x ∈ [a, b] and α ∈ [0, 1], we
have
(1.3)
∣∣∣∣∣
∫ b
a
f (t) g (t) dt−
[
(1− α) f (x)
∫ b
a
g (t) dt
+ α
(
f (a)
∫ x
a
g (t) dt+ f (b)
∫ b
x
g (t) dt
)]∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] [
1
2
∫ b
a
g (t) dt+
∣∣∣∣∣
∫ x
a
g (t) dt−
1
2
∫ b
a
g (t) dt
∣∣∣∣∣
]
·
b∨
a
(f)
where,
∨b
a (f) denotes to the total variation of f over [a, b]. The constant
[
1
2 +
∣∣ 1
2 − α
∣∣]
is the best possible.
For recent results concerning Ostrowski inequality for mappings of bounded vari-
ation see [12],[20]–[24].
The main aim in this paper, is to introduce and discuss new weighted generaliza-
tions of the Ostrowski and the generalized trapezoid inequalities for the Riemann–
Stieltjes integrals.
2. The Results
We begin with the following result:
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Theorem 2. Let g, u : [a, b] → [0,∞) be such that g is continuous and positive
on [a, b] and u is monotonic increasing on [a, b]. If f : [a, b] → R is a mapping of
bounded variation on [a, b], then for any x ∈ [a, b] and α ∈ [0, 1], we have
(2.1)
∣∣∣∣∣∣(1− α)

f (x)∫
a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)


+α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] [
1
2
∫ b
a
g (t) du (t) +
∣∣∣∣∣
∫ x
a
g (t) du (t)−
1
2
∫ b
a
g (t) du (t)
∣∣∣∣∣
]
·
b∨
a
(f)
where,
∨b
a (f) denotes to the total variation of f over [a, b]. The constant
[
1
2 +
∣∣ 1
2 − α
∣∣]
is the best possible.
Proof. Define the mapping
Kg,u (t;x) :=


(1− α)
∫ t
a g (s) du (s) + α
∫ t
x g (s) du (s), t ∈ [a, x]
(1− α)
∫ t
a+b
2
g (s) du (s) + α
∫ t
x
g (s) du (s), t ∈ (x, a+ b − x]
(1− α)
∫ t
b
g (s) du (s) + α
∫ t
x
g (s) du (s), t ∈ (a+ b− x, b]
Using integration by parts, we have the following identity
∫ b
a
Kg,u (t;x) df (t) =
∫ x
a
[
(1− α)
∫ t
a
g (s) du (s) + α
∫ t
x
g (s) du (s)
]
df (t)
+
∫ a+b−x
x
[
(1− α)
∫ t
a+b
2
g (s) du (s) + α
∫ t
x
g (s) du (s)
]
df (t)
+
∫ b
a+b−x
[
(1− α)
∫ t
b
g (s) du (s) + α
∫ t
x
g (s) du (s)
]
df (t)
= (1− α)

f (x) ∫
a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)


+ α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
−
∫ b
a
f (t) g (t) du (t)
Using the fact that for a continuous function p : [a, b] → R and a function ν :
[a, b] → R of bounded variation, then the Riemann–Stieltjes integral
∫ b
a p (t) dν (t)
exists and one has the inequality
∣∣∣∣∣
∫ b
a
p (t) dν (t)
∣∣∣∣∣ ≤ supt∈[a,b] |p (t)|
b∨
a
(ν) .(2.2)
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As f is of bounded variation on [a, b], by (2.2) we have
(2.3)
∣∣∣∣∣∣(1− α)

f (x)∫
a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)


+α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣
≤ sup
t∈[a,b]
|Kg,u (t;x)| ·
b∨
a
(f) .
Now, define the mappings p, q : [a, b]→ R given by
p1 (t) := (1− α)
∫ t
a
g (s) du (s) + α
∫ t
x
g (s) du (s), t ∈ [a, x] ,
p2 (t) := (1− α)
∫ t
a+b
2
g (s) du (s) + α
∫ t
x
g (s) du (s), t ∈ (x, a+ b − x]
p3 (t) := (1− α)
∫ t
b
g (s) du (s) + α
∫ t
x
g (s) du (s), t ∈ (a+ b− x, b]
for all α ∈ [0, 1], and x ∈ [a, b]. Since g is positive continuous and u is monotonic
increasing on [a, b] then the Riemann–Stieltjes integral
∫ b
a g (s) du (s) exists and
positive. Also, since the derivative of the monotonic increasing function u is always
positive, so that (gu′) (t) > 0 a.e., it follows that, p′1 (t) , p
′
2 (t) , p
′
3 (t) > 0, almost
everywhere on their corresponding domains. Therefore, we have
sup
t∈[a,x]
|Kg,u (t;x)| = max
{
(1− α)
∫ x
a
g (s) du (s), α
∫ x
a
g (s) du (s)
}
=
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
∫ x
a
g (s) du (s),
sup
t∈(x,a+b−x]
|Kg,u (t;x)|
= max

(1− α)
∫ a+b
2
x
g (s) du (s), α
∫ a+b
2
x
g (s) du (s) +
∫ a+b−x
a+b
2
g (s) du (s)


=
1
2
[∫ a+b−x
x
g (s) du (s) + (1− α)
∣∣∣∣∣
∫ a+b−x
a+b
2
g (s) du (s)
∣∣∣∣∣
]
,
and
sup
t∈(a+b−x,b]
|Kg,u (t;x)| = max
{
(1− α)
∫ b
x
g (s) du (s), α
∫ b
x
g (s) du (s)
}
=
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
∫ b
x
g (s) du (s).
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Thus
sup
t∈[a,b]
|Kg,u (t;x)| =
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·max
{∫ x
a
g (s) du (s),
∫ b
x
g (s) du (s)
}(2.4)
=
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
1
2
∫ b
a
g (s) du (s) +
∣∣∣∣∣
∫ x
a
g (s) du (s)−
1
2
∫ b
a
g (s) du (s)
∣∣∣∣∣
]
.
Therefore, by (2.3) and (2.4) we get (2.1). To prove that the constant 12 +
∣∣1
2 − α
∣∣ is
best possible for all α ∈ [0, 1], take u(t) = t for all t ∈ [a, b] and therefore, we refer
to (1.3). Thus, the sharpness follows from (1.3), (consider f and g to be defined as
in [20]). Hence, the proof is established and we shall omit the details. 
Corollary 1. In Theorem 2, choose α = 0, then we get
(2.5)∣∣∣∣∣∣f (x)
∫ a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣∣
≤
[
1
2
∫ b
a
g (t) du (t) +
∣∣∣∣∣
∫ x
a
g (t) du (t)−
1
2
∫ b
a
g (t) du (t)
∣∣∣∣∣
]
·
b∨
a
(f) .
A general weighted version of the above Ostrowski inequality for RS integrals, may
be deduced as follows:∣∣∣∣∣f (x)−
∫ b
a f (t) g (t) du (t)∫ b
a
g (t) du (t)
∣∣∣∣∣ ≤
[
1
2
+
∣∣∣∣∣
∫ x
a g (t) du (t)∫ b
a
g (t) du (t)
−
1
2
∣∣∣∣∣
]
·
b∨
a
(f)(2.6)
provided that g(t) ≥ 0, for almost every t ∈ [a, b] and
∫ b
a g (t) du (t) 6= 0.
Remark 1. Choosing α = 1 in (2.1), then we get
(2.7)
∣∣∣∣∣f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣
≤
[
1
2
∫ b
a
g (t) du (t) +
∣∣∣∣∣
∫ x
a
g (t) du (t)−
1
2
∫ b
a
g (t) du (t)
∣∣∣∣∣
]
·
b∨
a
(f) ,
which is ‘the generalized trapezoid inequality for RS–integrals’
Corollary 2. In Theorem 2, let g (t) = 1 for all t ∈ [a, b]. Then, we have the
inequality
(2.8)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
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The constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible.
For instance,
• If α = 0, then we get
(2.9)∣∣∣∣∣
{[
u
(
a+ b
2
)
− u (a)
]
f (x) +
[
u (b)− u
(
a+ b
2
)]
f (a+ b− x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
• If α = 13 , then we get
(2.10)∣∣∣∣13 [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + 23
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
2
3
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
• If α = 12 , then we get
(2.11)∣∣∣∣12
{
(u (x)− u (a)) f (a) + (u (b)− u (x)) f (b) +
[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
1
2
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
• If α = 1, then we get
(2.12)
∣∣∣∣∣[u (x)− u (a)] f (a) + [u (b)− u (x)] f (b)−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
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Proof. The results follow by Theorem 2. It remains to prove the sharpness of (2.8).
Suppose 0 ≤ α ≤ 12 , assume that (2.8) holds with constant C1 > 0, i.e.,
(2.13)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ C1 ·
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
Let f, u : [a, b]→ R be defined as follows u (t) = t and
f (t) =


0, t ∈ [a, b] \
{
a+b
2
}
1
2 , t =
a+b
2
,
which follows that
∨b
a (f) = 1 and
∫ b
a
f (t) du (t) = 0, setting x = a+b2 it gives by
(2.13)
(1− α)
(b− a)
2
≤ C1
(b− a)
2
.
which proves that C1 ≥ 1 − α, and therefore 1 − α is the best possible for all
0 ≤ α ≤ 12 .
Now, suppose 12 ≤ α ≤ 1 and assume that (2.8) holds with constant C2 > 0, i.e.,
(2.14)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ C2 ·
[
u (b)− u (a)
2
+
∣∣∣∣u (x)− u (a) + u (b)2
∣∣∣∣
]
·
b∨
a
(f) .
Let f, u : [a, b]→ R be defined as follows u (t) = t and
f (t) =


0, t ∈ (a, b]
1, t = a
,
which follows that
∨b
a (f) = 1 and
∫ b
a
f (t) du (t) = 0, setting x = a+b2 it gives by
(2.14)
α
(b− a)
2
≤ C2
(b− a)
2
.
which proves that C2 ≥ α, and therefore α is the best possible for all
1
2 ≤ α ≤ 1.
Consequently, we can conclude that the constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible,
for all α ∈ [0, 1]. 
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Corollary 3. In (3.4), setting x = a+b2 then we have the following Simpson type
inequality for Riemann–Stieltjes integral:
(2.15)
∣∣∣∣13
{[
u
(
a+ b
2
)
− u (a)
]
f (a) + 2 [u (b)− u (a)] f
(
a+ b
2
)
+
[
u (b)− u
(
a+ b
2
)]
f (b)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
2
3
[
u (b)− u (a)
2
+
∣∣∣∣u
(
a+ b
2
)
−
u (a) + u (b)
2
∣∣∣∣
]
·
b∨
a
(f) .
The constant 23 is the best possible.
Remark 2. For recent three-point quadrature rules and related inequalities regard-
ing Riemann–Stieltjes integrals, the reader may refer to the work [3].
Corollary 4. In (2.8), let u(t) = t for all t ∈ [a, b], then we get
(2.16)∣∣∣∣∣α ((x− a) f (a) + (b− x) f (b)) + 12 (1− α) (b− a) (f (x) + f (a+ b− x))−
∫ b
a
f (t) dt
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(f) .
For x = a+b2 , we have
(2.17)
∣∣∣∣∣(b− a)
[
α
f (a) + f (b)
2
+ (1− α) f
(
a+ b
2
)]
−
∫ b
a
f (t) dt
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
(b− a)
2
·
b∨
a
(f) .
Remark 3. Under the assumptions of Theorem 2, a weighted generalization of
Montgomery’s type identity for Riemann–Stieltjes integrals may be deduced as fol-
lows:
f (x) =
1∫ b
a
g (s) du (s)
∫ b
a
Kg,u (t;x) df (t) +
1∫ b
a
g (s) du (s)
∫ b
a
f (t) g (t) du (t),
for all x ∈ [a, b], where
Kg,u (t;x) :=


∫ t
a g (s) du (s), t ∈ [a, x]∫ t
b g (s) du (s), t ∈ (x, b]
.
Provided that
∫ b
a
g (s) du (s) 6= 0.
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3. On L-Lipschitz integrators
Theorem 3. Let g be as in Theorem 2. Let u : [a, b] → [0,∞) be of bounded
variation on [a, b]. If f : [a, b]→ R is L–Lipschitzian on [a, b], then for any x ∈ [a, b]
and α ∈ [0, 1], we have
(3.1)
∣∣∣∣∣∣(1− α)

f (x)∫
a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)


+α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣
≤ L ·max
{
(x− a) · sup
t∈[a,x]
{M (t)} , (b− x) · sup
t∈[x,b]
{N (t)}
}
·
b∨
a
(u)
where,
M (t) := max
{
(1− α) sup
s∈[a,t]
|g (s)| , α sup
s∈[t,x]
|g (s)|
}
,
and
N (t) := max
{
(1− α) sup
s∈[t,b]
|g (s)| , α sup
s∈[t,x]
|g (s)|
}
.
Proof. By Theorem 2, we have the identity
α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
+ (1− α) f (x)
∫ b
a
g (s) du (s)
−
∫ b
a
f (t) g (t) du (t)
=
∫ b
a
Kg,u (t;x) df (t).
Using the fact that for a Riemann integrable function p : [c, d] → R and L-
Lipschitzian function ν : [c, d]→ R, the inequality one has the inequality∣∣∣∣∣
∫ d
c
p (t) dν (t)
∣∣∣∣∣ ≤ L
∫ d
c
|p (t)| dt.(3.2)
As f is L–Lipschitz mapping on [a, b], by (3.2) we have∣∣∣∣∣
∫ b
a
Kg,u (t;x) df (t)
∣∣∣∣∣ ≤ L
∫ b
a
|Kg,u (t;x)| dt
= L
[∫ x
a
|p (t)| dt+
∫ b
x
|q (t)| dt
]
(3.3)
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However, as u is of bounded variation on [a, b] and g is continuous, by (2.2) we have
|p (t)| ≤ (1− α)
∣∣∣∣
∫ t
a
g (s) du (s)
∣∣∣∣+ α
∣∣∣∣
∫ t
x
g (s) du (s)
∣∣∣∣
≤ (1− α) sup
s∈[a,t]
|g (s)| ·
t∨
a
(u) + α sup
s∈[t,x]
|g (s)| ·
x∨
t
(u)
≤ max
{
(1− α) sup
s∈[a,t]
|g (s)| , α sup
s∈[t,x]
|g (s)|
}
·
x∨
a
(u)
:=M (t) ·
x∨
a
(u) .(3.4)
Similarly, we have
|q (t)| ≤ max
{
(1− α) sup
s∈[t,b]
|g (s)| , α sup
s∈[t,x]
|g (s)|
}
·
b∨
x
(u)
:= N (t) ·
b∨
x
(u) .(3.5)
Thus, by (3.3)–(3.5), we have∣∣∣∣∣
∫ b
a
Kg,u (t;x) df (t)
∣∣∣∣∣ ≤ L
[∫ x
a
|p (t)| dt+
∫ b
x
|q (t)| dt
]
≤ L
[(∫ x
a
M (t) dt
)
·
x∨
a
(u) +
(∫ b
x
N (t) dt
)
·
b∨
x
(u)
]
≤ L
[
(x− a) · sup
t∈[a,x]
{M (t)} ·
x∨
a
(u) + (b− x) · sup
t∈[x,b]
{N (t)} ·
b∨
x
(u)
]
≤ L ·max
{
(x− a) · sup
t∈[a,x]
{M (t)} , (b− x) · sup
t∈[x,b]
{N (t)}
}
·
b∨
a
(u) ,
which gives the result. 
Remark 4. In Theorem 3, if g (t) = 1 for all t ∈ [a, b]. Then M (t) = N (t) =[
1
2 +
∣∣1
2 − α
∣∣], for all t ∈ [a, b].
Corollary 5. In Theorem 3, let g (t) = 1 for all t ∈ [a, b]. Then, we have the
inequality
(3.6)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ L
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
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The constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible.
For instance,
• If α = 0, then we get
(3.7)∣∣∣∣∣
{[
u
(
a+ b
2
)
− u (a)
]
f (x) +
[
u (b)− u
(
a+ b
2
)]
f (a+ b− x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ L
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
• If α = 13 , then we get
(3.8)∣∣∣∣13 [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + 23
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
2
3
L
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
• If α = 12 , then we get
(3.9)
∣∣∣∣12
{
(u (x)− u (a)) f (a) + (u (b)− u (x)) f (b) +
[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
1
2
L
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
• If α = 1, then we get
(3.10)
∣∣∣∣∣[u (x)− u (a)] f (a) + [u (b)− u (x)] f (b)−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ L
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
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Proof. The results follow by Theorem 3. It remains to prove the sharpness of (3.6).
Suppose 0 ≤ α ≤ 12 , assume that (3.6) holds with constant C1 > 0, i.e.,
(3.11)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ LC1
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
Let f, u : [a, b]→ R be defined as follows f (t) = t− b and
u (t) =


0, t ∈ [a, b)
1, t = b
,
Therefore, f is L–Lipschitz with L = 1 and
∨b
a (u) = 1 and
∫ b
a
f (t) du (t) = 0,
setting x = a+b2 it gives by (3.11)
(1− α)
(b− a)
2
≤ C1
(b− a)
2
.
which proves that C1 ≥ 1 − α, and therefore 1 − α is the best possible for all
0 ≤ α ≤ 12 .
Now, suppose 12 ≤ α ≤ 1 and assume that (3.6) holds with constant C2 > 0, i.e.,
(3.12)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ LC2
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
·
b∨
a
(u) .
Let f, u : [a, b]→ R be defined as follows f (t) = t− a and
u (t) =


0, t ∈ [a, b] \
{
a+b
2
}
1
2 , t =
a+b
2
.
Therefore, f is L–Lipschitz with L = 1 and
∨b
a (u) = 1 and
∫ b
a f (t) du (t) = 0,
setting x = a+b2 it gives by (3.12)
α
(b− a)
2
≤ C2
(b− a)
2
.
which proves that C2 ≥ α, and therefore α is the best possible for all
1
2 ≤ α ≤ 1.
Consequently, we can conclude that the constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible,
for all α ∈ [0, 1]. 
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Corollary 6. In (3.8), choosing x = a+b2 , then we have the following Simpson’s
type inequality for RS–integrals:
(3.13)
∣∣∣∣13
{[
u
(
a+ b
2
)
− u (a)
]
f (a) + 2 [u (b)− u (a)] f
(
a+ b
2
)
+
[
u (b)− u
(
a+ b
2
)]
f (b)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
1
3
L (b− a) ·
b∨
a
(u) .
The constant 13 is the best possible.
Corollary 7. In (3.6), let u(t) = t for all t ∈ [a, b], then we get
(3.14)∣∣∣∣∣α ((x− a) f (a) + (b− x) f (b)) + 12 (1− α) (b− a) (f (x) + f (a+ b− x))−
∫ b
a
f (t) dt
∣∣∣∣∣
≤ L (b− a)
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
b− a
2
+
∣∣∣∣x− a+ b2
∣∣∣∣
]
.
For x = a+b2 , we have
(3.15)
∣∣∣∣∣(b− a)
[
α
f (a) + f (b)
2
+ (1− α) f
(
a+ b
2
)]
−
∫ b
a
f (t) dt
∣∣∣∣∣
≤ L
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
(b− a)
2
2
.
4. On monotonic nondecreasing integrators
Theorem 4. Let g, u be as in Theorem 3. If f : [a, b] → R is monotonic nonde-
creasing on [a, b], then for any x ∈ [a, b] and α ∈ [0, 1], we have
(4.1)
∣∣∣∣∣∣(1− α)

f (x)∫
a+b
2
a
g (s) du (s) + f (a+ b− x)
∫ b
a+b
2
g (s) du (s)


+α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
−
∫ b
a
f (t) g (t) du (t)
∣∣∣∣∣
≤ sup
t∈[a,x]
{M (t)} · [f (x)− f (a)] ·
x∨
a
(u) + sup
t∈[x,b]
{N (t)} · [f (b)− f (x)] ·
b∨
x
(u)
where, M (t) and N (t) are defined in Theorem 3.
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Proof. Using the identity
α
[
f (a)
∫ x
a
g (s) du (s) + f (b)
∫ b
x
g (s) du (s)
]
+ (1− α) f (x)
∫ b
a
g (s) du (s)
−
∫ b
a
f (t) g (t) du (t)
=
∫ b
a
Kg,u (t;x) df (t).
It is well-known that for a monotonic non-decreasing function ν : [a, b] → R and
continuous function p : [a, b]→ R, one has the inequality
∣∣∣∣∣
∫ b
a
p (t) dν (t)
∣∣∣∣∣ ≤
∫ b
a
|p (t)| dν (t).(4.2)
As f is monotonic non-decreasing on [a, b], by (4.2) we have
∣∣∣∣∣
∫ b
a
Kg,u (t;x) df (t)
∣∣∣∣∣ ≤
∫ b
a
|Kg,u (t;x)| df (t)
=
∫ x
a
|p (t)| df (t) +
∫ b
x
|q (t)| df (t)(4.3)
Now, as u is of bounded variation on [a, b] and g is continuous, by (3.4)–(3.5) we
have
|p (t)| ≤M (t) ·
x∨
a
(u) , |q (t)| ≤ N (t) ·
b∨
x
(u)(4.4)
Thus, by (4.3) and (4.4), we have
∣∣∣∣∣
∫ b
a
Kg,u (t;x) df (t)
∣∣∣∣∣
≤
∫ x
a
|p (t)| df (t) +
∫ b
x
|q (t)| df (t)
≤
(∫ x
a
M (t) df (t)
)
·
x∨
a
(u) +
(∫ b
x
N (t) df (t)
)
·
b∨
x
(u)
≤ sup
t∈[a,x]
{M (t)} · [f (x)− f (a)] ·
x∨
a
(u) + sup
t∈[x,b]
{N (t)} · [f (b)− f (x)] ·
b∨
x
(u)
which gives the result. 
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Corollary 8. In Theorem 4, let g (t) = 1 for all t ∈ [a, b]. Then, we have the
inequality
(4.5)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
{
[f (x)− f (a)] ·
x∨
a
(u) + [f (b)− f (x)] ·
b∨
x
(u)
}
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
For the last inequality, the constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible.
For instance,
• If α = 0, then we get
(4.6)∣∣∣∣∣
{[
u
(
a+ b
2
)
− u (a)
]
f (x) +
[
u (b)− u
(
a+ b
2
)]
f (a+ b− x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ [f (x) − f (a)] ·
x∨
a
(u) + [f (b)− f (x)] ·
b∨
x
(u)
≤
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
• If α = 13 , then we get
(4.7)∣∣∣∣13 [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + 23
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
2
3
{
[f (x)− f (a)] ·
x∨
a
(u) + [f (b)− f (x)] ·
b∨
x
(u)
}
≤
2
3
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
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• If α = 12 , then we get
(4.8)
∣∣∣∣12
{
(u (x)− u (a)) f (a) + (u (b)− u (x)) f (b) +
[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
1
2
{
[f (x)− f (a)] ·
x∨
a
(u) + [f (b)− f (x)] ·
b∨
x
(u)
}
≤
1
2
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
• If α = 1, then we get
(4.9)
∣∣∣∣∣[u (x)− u (a)] f (a) + [u (b)− u (x)] f (b)−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ [f (x) − f (a)] ·
x∨
a
(u) + [f (b)− f (x)] ·
b∨
x
(u)
≤
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
Proof. The results follow by Theorem 4. It remains to prove the sharpness of (4.5).
Suppose 0 ≤ α ≤ 12 , assume that (4.5) holds with constant C1 > 0, i.e.,
(4.10)∣∣∣∣α [(u (x) − u (a)) f (a) + (u (b)− u (x)) f (b)] + (1− α)
{[
u
(
a+ b
2
)
− u (a)
]
f (x)
+
[
u (b)− u
(
a+ b
2
)]
f (a+ b − x)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ C1
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
Let f, u : [a, b]→ R be defined as follows
f (t) =


−1, t = a
0, t = (a, b]
,
and
u (t) =


0, t ∈ [a, b)
1, t = b
,
Therefore, f is monotonic nondecreasing on [a, b] and
∨b
a (u) = 1 and
∫ b
a f (t) du (t) =
0, setting x = a it gives by (4.10) that 1− α ≤ C1, and which proves that 1− α is
the best possible for all 0 ≤ α ≤ 12 .
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Now, suppose 12 ≤ α ≤ 1 and assume that (4.5) holds with constant C2 > 0, i.e.,
(4.11) |α [(u (x)− u (a)) f (a) + (u (b)− u (x)) f (b)]
+ (1− α) [u (b)− u (a)] f (x)−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤ C2
[
f (b)− f (a)
2
+
∣∣∣∣f (x)− f (a) + f (b)2
∣∣∣∣
]
·
b∨
a
(u) .
Let f, u : [a, b] → R be defined as f (t) as above, and u (t) = t, which follows that∨b
a (u) = b− a, and
∫ b
a f (t) du (t) = 0, setting x = b it gives by (4.11) α ≤ C2, and
therefore α is the best possible for all 12 ≤ α ≤ 1. Consequently, we can conclude
that the constant
[
1
2 +
∣∣ 1
2 − α
∣∣] is the best possible, for all α ∈ [0, 1]. 
Corollary 9. In (4.7), choosing x = a+b2 , then we have the following Simpson’s
type inequality for RS–integrals:
(4.12)
∣∣∣∣13
{[
u
(
a+ b
2
)
− u (a)
]
f (a) + 2 [u (b)− u (a)] f
(
a+ b
2
)
+
[
u (b)− u
(
a+ b
2
)]
f (b)
}
−
∫ b
a
f (t) du (t)
∣∣∣∣∣
≤
2
3


[
f
(
a+ b
2
)
− f (a)
]
·
a+b
2∨
a
(u) +
[
f (b)− f
(
a+ b
2
)]
·
b∨
a+b
2
(u)


≤
2
3
[
f (b)− f (a)
2
+
∣∣∣∣f
(
a+ b
2
)
−
f (a) + f (b)
2
∣∣∣∣
]
·
b∨
a
(u) .
For the last inequality, the constant 23 is the best possible.
Corollary 10. In (4.5), let u(t) = t for all t ∈ [a, b], then we get
(4.13)∣∣∣∣∣α ((x− a) f (a) + (b− x) f (b)) + 12 (1− α) (b− a) (f (x) + f (a+ b− x))−
∫ b
a
f (t) dt
∣∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
· {(x− a) · [f (x)− f (a)] + (b− x) · [f (b)− f (x)]}
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
f (b)− f (a)
2
+
∣∣∣∣f (x) − f (a) + f (b)2
∣∣∣∣
]
· (b− a) .
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For x = a+b2 , we have∣∣∣∣∣(b− a)
[
α
f (a) + f (b)
2
+ (1− α) f
(
a+ b
2
)]
−
∫ b
a
f (t) dt
∣∣∣∣∣(4.14)
≤
1
2
(b− a)
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
· [f (b)− f (a)]
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
·
[
f (b)− f (a)
2
+
∣∣∣∣f
(
a+ b
2
)
−
f (a) + f (b)
2
∣∣∣∣
]
· (b− a) .
Remark 5. We give an attention to the interested reader, is that, in Theorems
2–4, one may observe various new inequalities by replacing the assumptions on u,
e.g. to be of bounded variation, Lu–Lipschitz or monotonic nondecreasing on [a, b],
which therefore gives in some cases the ‘dual’ of the above obtained inequalities.
It remains to mention that, in Theorem 3, and according to the assumptions on u
one may observe several estimations for the functions p (t) and q (t) which therefore
gives different functions M (t) and N (t).
Remark 6. In Theorems 2–4, a different result(s) in terms of Lp norms may be
stated by applying the well–known Ho¨lder integral inequality, by noting that∣∣∣∣∣
∫ d
c
g (s) du (s)
∣∣∣∣∣ ≤ q
√
u (d)− u (c)×
p
√∫ d
c
|g (s)|
p
du (s).
where, p > 1, 1p +
1
q = 1.
Remark 7. One can point out some results for the Riemann integral of a product,
in terms of L1, Lp and L∞ norms by using a similar argument considered in [13]
(see also [1]–[2]).
5. Applications to Ostrowski-generalized trapezoid quadrature
formula for RS-integrals
Let In : a = x0 < x1 < · · · < xn = b be a division of the interval [a, b]. Define
the general Riemann–Stieltjes sum
(5.1) S (f, u, In, ξ) =
n−1∑
i=0
α [(u (ξi)− u (xi)) f (xi) + (u (xi+1)− u (ξi)) f (xi+1)]
+ (1− α)
{[
u
(
xi + xi+1
2
)
− u (xi)
]
f (ξi)
+
[
u (xi+1)− u
(
xi + xi+1
2
)]
f (xi + xi+1 − ξi)
}
In the following, we establish an upper bound for the error approximation of the
Riemann-Stieltjes integral
∫ b
a
f (t) du (t) by its Riemann-Stieltjes sum S (f, u, In, ξ).
As a sample we apply the inequality (2.8).
Theorem 5. Under the assumptions of Corollary 2, we have∫ b
a
f (t) du (t) = S (f, u, In, ξ) +R (f, u, In, ξ)
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where, S (f, u, In, ξ) is given in (5.1) and the remainder R (f, u, In, ξ) satisfies the
bound
|R (f, u, In, ξ)| ≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
[u (b)− u (a)] ·
b∨
a
(f) .(5.2)
Proof. Applying Corollary 2 on the intervals [xi, xi+1], we may state that∣∣∣∣α [(u (ξi)− u (xi)) f (xi) + (u (xi+1)− u (ξi)) f (xi+1)] + (1− α)
{[
u
(
xi + xi+1
2
)
− u (xi)
]
f (ξi)[
u (xi+1)− u
(
xi + xi+1
2
)]
f (xi + xi+1 − ξi)
}
−
∫ xi+1
xi
f (t) du (t)
∣∣∣∣
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] [
u (xi+1)− u (xi)
2
+
∣∣∣∣u (ξi)− u (xi) + u (xi+1)2
∣∣∣∣
]
·
xi+1∨
xi
(f) ,
for all i ∈ {0, 1, 2, · · · , n− 1}.
Summing the above inequality over i from 0 to n− 1 and using the generalized
triangle inequality, we deduce
|R (f, u, In, ξ)|
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] n−1∑
i=0
[
u (xi+1)− u (xi)
2
+
∣∣∣∣u (ξi)− u (xi) + u (xi+1)2
∣∣∣∣
]
·
xi+1∨
xi
(f)
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] [n−1∑
i=0
u (xi+1)− u (xi)
2
+
n−1∑
i=0
∣∣∣∣u (ξi)− u (xi) + u (xi+1)2
∣∣∣∣
]
·
n−1∑
i=0
xi+1∨
xi
(f)
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
] [
u (b)− u (a)
2
+ sup
i=0,1,...,n−1
∣∣∣∣u (ξi)− u (xi) + u (xi+1)2
∣∣∣∣
]
·
b∨
a
(f)
≤
[
1
2
+
∣∣∣∣12 − α
∣∣∣∣
]
[u (b)− u (a)] ·
b∨
a
(f) .
Since,
sup
i=0,1,...,n−1
∣∣∣∣u (ξi)− u (xi) + u (xi+1)2
∣∣∣∣ ≤ sup
i=0,1,...,n−1
u (xi+1)− u (xi)
2
=
u (b)− u (a)
2
and
n−1∑
i=0
xi+1∨
xi
(f) =
b∨
a
(f) .
which completes the proof. 
Remark 8. One may use the remaining inequalities in Section 2, to obtain other
bounds for R (f, u, In, ξ). We shall omit the details.
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